Abstract. In a fibration ΩF
Introduction
In this paper we consider the fibration
obtained by looping a fibration of simply connected pointed spaces of finite type. Working over a prime field F p , p > 0, we analyse the relationship of the loop space homologies H * (ΩF ), H * (ΩX) and H * (ΩB) in the presence of a finiteness condition on F , and show that at this level the loop space ΩX behaves much like the product ΩF × ΩB.
The starting point for this and the other results in this paper is the structure of H * (ΩF ) as a cocommutative Hopf algebra, with the Alexander-Whitney diagonal and multiplication induced from composition of loops. The category of cocommutative Hopf algebras, which includes the universal enveloping algebras of graded Lie algebras, was studied by Milnor and Moore [27] and Moore and Smith [29] , who defined such notions as 'Hopf center', 'Hopf kernel of a morphism' and 'normal sub and quotient Hopf algebras', generalizing the classical versions for graded Lie algebras. If H is a normal sub Hopf algebra of G, the Hopf quotient is denoted by G/ /H.
The study of the relationship of H * (ΩX), H * (ΩF ) and H * (ΩB) in the fibration (*) was begun by Browder in [6] , via the Serre spectral sequence (E r , d r ). He showed that this was a spectral sequence of cocommutative Hopf algebras, and then used a sophisticated application of his biprimitive spectral sequence to obtain precise information about the differentials in the Serre spectral sequence; this process, however, "loses" the structure of E r as a Hopf algebra.
A different approach to the homology of loop space fibrations is taken by Moore and Smith ([29] and [30] ), who rely on the Eilenberg-Moore spectral sequence. This is particularly effective for principal fibrations with fibre K(π, n), since they pullback from fibrations with base K(π, n + 1) whose cohomology is a free commutative graded algebra, which simplifies the computation of the E 2 -term. In this paper we focus on fibrations (*) for which F satisfies a finiteness condition (e.g. F is finite dimensional, or F has finite LS category). This is in the context of the special properties such a condition is already known to impose on the Hopf algebra H * (ΩF ). For example suppose F is an r-connected n-dimensional CW complex. Then:
• If k ≥ n/r then α p k = 0, α ∈ H + (ΩF ) (Proposition 4.12, below).
• If p ≥ n/(r − 1) then H * (ΩF ) is a universal enveloping algebra [20] .
Moreover, if F has finite LS category, then
• The Betti numbers dim H k (ΩF ) grow either polynomially or semi-exponentially in k, with the latter case being the generic one [15] . For our purpose here, the key result [8] is that for any simply connected F :
≥ depth H * (ΩF )
≥ depth Hopf center of H * (ΩF ) ,
where the depth of an augmented algebra A is the least m (or ∞) such that Ext m A (F p , A) = 0, and cat(−) is the Lusternik-Schnirelmann category of a space or map. Now commutative cocommutative Hopf algebras of finite depth are finitely generated as algebras [10] . Thus the finiteness of any of the invariants above implies that the Hopf center of H * (ΩF ) is a finitely generated algebra. Consequently in this paper we will focus on fibrations (*) satisfying that condition; i.e. we will assume that truncated polynomial algebra of the form (
In particular, r is just the rate of polynomial growth of A(z), poly grA(z). Moreover,
(1 + z 2ni+1 )g(z 2 ) it follows that q is also an invariant of A(z); we call it the index, ind A(z). In Proposition 4.15 we show that dimV = indA(z) − poly grA(z) .
Next we have

Theorem B. Suppose the Hopf centre of H * (ΩF ) is generated by k elements. Then : (i) At most 2k differentials in the Serre spectral sequence are non-zero. In particular it collapses at some E r , r < ∞. (ii) The Hopf kernel of H * (Ωj) is a finite tensor product of monogenic Hopf algebras, and the Hopf quotient, Hopf ker H * (Ωπ)/ /Im H * (Ωj) is an exterior algebra on finitely many primitive elements of odd degree.
Theorem B contains the core assertion of this paper: that condition (**) forces the collapse of the spectral sequence at some finite stage. For the convenience of the reader we outline the main ingredients of the proof (the section by section description at the end of the introduction indicates the location of each step):
• 
• The non-triviality of the differential d r forces the existence of a generator in some Z s , some s ≤ r. A generator can be "used" at most once in this way, and so
(This argument depends on a careful analysis of the structure of the Hopf algebra E r and the form of the differential d r .)
We also have Theorems A-C are illustrated by the fibration
where f |S 2p represents a non-trivial element of π 2p (S 3 ). In Example 3.6 we show that the Serre spectral sequence for Ωξ collapses at E 3 . Since
it follows from Theorem C that H * (ΩF ) has finite depth and thus that condition (**) holds. Here we have (subscripts denote degrees) H * (ΩS 3 ) = T (a 2 ) and
, while the calculations of the example imply that
and that in Theorem A we may take
p and ΛV = Λy .
As a second example, take p = 3 and let F be the homogeneous space F 4 /Spin(9), [28] , and consider the fibration 
The methods in this paper depend on the coefficient field having chararcteristic p > 0. However the results remain true over Q and, in fact, were established much earlier in [19] and [7] using Sullivan's minimal models. Moreover, with rational coefficients Theorem A has the form
with W a finite dimensional vector space concentrated in even degrees and the suspension sW defined by (sW ) k = W k−1 . The examples above make it clear that this stronger version fails in positive characteristic.
Among the examples and applications we would like to draw attention to Theorem 5.5, which deals with elliptic spaces. This is a remarkable class of 1-connected finite complexes Y , introduced in [11] , and characterized by the fact that for each prime q the loop space homology H * (ΩY ; F q ) grows polynomially. Here we establish a result announced in [11] We have divided the paper into two parts, putting the topology first and the algebra second, so that the second part is almost self-contained and the first part depends on the results it contains. Our justification is that the main results are in the first part, the second part is much more technically complex, and the quotations from it in the first part while essential, are relatively few in number. The organization of the material is sketched in the following outline.
Part I: Loop space fibrations §1. Graded Hopf algebras. This recalls the standard definitions and constructions in this category, such as the Hopf kernel of a morphism and the Hopf quotient H/ /K. It also has the "splitting lemma" (Proposition 1.2) referred to in the sketch above of the proof of Theorem B. This is a slight strengthening of the standard lemma used to prove the Borel structure theorem: every connected commutative graded Hopf algebra is isomorphic as an algebra to a tensor product of monogenic Hopf algebras. The section is completed with two main results. Proposition 3.8 states that
, where ρ k (−) is the sum of the dimensions of the primitive subspaces in odd degrees ≤ k. Theorem 3.9 establishes the relations between the depths of the Hopf algebras K(Ωj), H * (ΩF ) and H * (ΩB) and the LS category of the maps j and π. These imply Theorem C. §4. Collapse of the Serre spectral sequence. This contains the main topological results of the paper. Theorem 4.2 is a more precise version of Theorem B, while Theorem 4.7 asserts that the collapse at a finite stage of the Serre spectral sequence for (*) is equivalent to the finite generation of either K(Ωj) or of the commutative algebra C(Ωπ) ∨ dual to the coalgebra C(Ωπ). Theorem 4.7 is then used to prove Theorem A. Both these results depend heavily on the analysis of the Hopf algebra structure of the spectral sequence carried out in §6 and §7.
Finally, Proposition 4.12 states that if B is n-dimensional and r-connected then all p k -powers vanish in H + (ΩB), k ≥ n/r. This is used in Theorem 4.7 to show that if B is finite dimensional and if the Serre spectral sequence for (*) collapses then C(Ωπ) is finite dimensional. §5. Examples and applications. Aside from the examples this contains an analogue (Theorem 5.5) of the Borel transgression theorem: the case when K(Ωj) is a polynomial algebra. Here C(Ωπ) must be an exterior coalgebra, with primitive elements transgressing to the generators of K(Ωj), and the vector space V of Theorem A is zero. This section also contains the proof of Theorem D (Theorem 5.6).
Part II: Differential Hopf algebras §6. Bigraded differential Hopf algebras. The principal assertion about the Serre spectral sequence for the fibration (*) is that each term has the form
where ΛU r is the exterior Hopf algebra on a finite dimensional space U r of primitive elements concentrated in odd degrees. (This is a refinement of Browder's result in [6] .) We work abstractly with bigraded differential Hopf algebras of this form, and with certain restrictions on the bidegrees of U r , and show that H(E r ) then has the same form.
, then it follows from [13] that Part I: Loop space fibrations
Graded Hopf algebras
We work over a field K and recall that a graded vector space V is a family {V i } i∈Z of vector spaces; we also write this as {V j } j∈Z by setting
A graded coalgebra over a field K is a graded vector space C equipped with an associative comultiplication ∆ : C → C ⊗ C and a counit ε : C → K; if C is further equipped with a coalgebra morphism K → C then the primitive subspace P (C) consists of the elements x ∈ C satisfying ∆x = x ⊗ 1 + 1 ⊗ x.
A graded algebra A is a graded vector space with associative multiplication and
A graded Hopf algebra is a graded vector space H that is simultaneously a graded algebra with unit K → H and a graded coalgebra, and such that the comultiplication and counit are algebra morphisms. If H is connected, then the primitive and indecomposable spaces are both defined and the quotient map to QH restricts to the important linear map
If H is a connected graded Hopf algebra, then ([27]; 8.4) there is a unique antiautomorphism ω of H such that mult • (ω ⊗ id) • ∆ is the counit H → K. This is called the conjugation in H and satisfies ω 2 = id if H is cocommutative. The adjoint representation of a commutative connected graded Hopf algebra in itself is defined by Ad
A representation of H in a graded coalgebra C (resp. in a graded algebra A, or in a graded Hopf algebra, G) is a representation in which the comultiplication (resp., the multiplication, both structure maps) are morphisms of H-modules. In the case of coalgebras this is equivalent to requiring that the action H ⊗ C → C be a morphism of coalgebras. In particular, as observed in ( [10] ; (2.2) and (2.3) (ii)) the adjoint representation of a graded cocommutative Hopf algebra is a representation of a Hopf algebra in a Hopf algebra.
Remark. If a Hopf algebra is represented in an algebra, then the primitive subspace acts by derivations.
Let H be a connected graded Hopf algebra. If K is a sub Hopf algebra then H/HK + (or H/HK + ) inherits the structure of a graded coalgebra, denoted by H/ /K and, as shown in [27] , there is an isomorphism
, in which case the quotient map induces a graded Hopf algebra structure in H/ /K. This is the quotient Hopf algebra. If ϕ : H → G is a morphism of cocommutative connected graded Hopf algebras, then the Hopf kernel of ϕ is the normal sub Hopf
the Hopf center of H is the union of the central sub Hopf algebras of H.
Suppose H = K ⊕ H >0 is a commutative graded Hopf algebra. The Borel structure theorem ( [4] ; Theorem 3.2) asserts that H is isomorphic as a graded algebra with the tensor product of monogenic Hopf algebras. We shall need a somewhat stronger version of this theorem. Fortunately the proof given in ( [27] ; Proposition 7.10) can be slightly modified to give us the result we need. We include this for the convenience of the reader. On the other hand, clearly Q(A) maps onto Q(A ), and so Q(A ) vanishes in degrees of the form
Thus from the exact sequences
Finally, if B is primitively generated so is A. Thus we may choose z and ω above to be primitive. Then ω p l is a primitive element in ξ l (A) and hence the p l -th power of a primitive element in A; i.e. we may take a ∈ A + above to be primitive as well. In this case σ is a splitting of Hopf algebras.
Proposition 1.2. implies the following result of Lin ([22]; Lemma 2.2.2).
Corollary 1.3 ([22]). If i is odd or if p is odd and i is not divisible by 2p, then the functor P i is exact when applied to short exact sequences of cocommutative connected graded Hopf algebras.
Corollary 1.4. If H is a connected cocommutative graded Hopf algebra, then the maps
are surjective if i is odd or if p is odd and i is not divisible by 2p.
Adjoint action of a loop space
Throughout this section we consider a fixed Hurewicz fibration of path connected spaces,
in which B is also 1-connected. It loops to the multiplicative fibration
where here and elsewhere Ω denotes the Moore loop space. Now recall [36] , [16] , [12] that any continuous map f : U −→ V can be naturally converted to a fibration, whose fibre, the homotopy fibre of f , is equipped with a natural left action of ΩV . (Note that some authors, e.g. [16] , [12] use the equivalent right action). In the case of the fibration, (2.1), the fibre F is naturally homotopy equivalent to the homotopy fibre of π, and this defines a "homotopy action" of ΩB on F . We will often abuse language and refer simply to the action of ΩB on F .
We review a number of examples that will be important for the sequel. First, note that the homotopy action, µ : ΩB × F −→ F , loops to the homotopy action for (2.2),
as follows directly from the definitions. Next, consider the free loop space fibration
with ρ(f ) = f ( * ), where * denotes the base point of S 1 . The corresponding action of ΩX on itself is given by (cf. [24] ; Prop. 3.2)
we call this the adjoint action of ΩX on itself. Note that Milnor [26] shows that ΩX is equivalent to a topological group, and this equivalence identifies the adjoint action with conjugation. We generalize this adjoint action in the context of fibration (2.1), by constructing a natural "adjoint" action Ad ξ of ΩX on ΩF , such that the diagram
homotopy commutes. This could be done (cf. [18] ; Prop. 3.1.1) via Milnor's method, by converting (2.2) to a short exact sequence of topological groups K −→ G −→ G/K and using conjugation by G in K. We shall instead give a more elementary description. Let c z denote the constant loop at z ∈ B and consider the pull-back diagram
in which:
B is the subspace of X S 1 of those maps f : S 1 −→ X such that πf is constant; i.e., whose image is contained in some fibre of π. An easy exercise exhibits ρ 1 as a fibration, with fibre ΩF . Hence ρ 2 is also a fibration with fibre ΩF . Proof. (i) is true by construction. To see (ii) simply apply (i) to the maps of fibrations
For (iii) apply the naturality of the homotopy action in the fibre to the map of fibrations
defined by composition of loops.
Next, note that the fibration In passing from geometry to algebra, we work over a fixed ground field K and write H * (−) for H * (−; K). Thus if X is a pointed space, multiplication in ΩX makes H * (ΩX) into a cocommutative graded Hopf algebra.
Analogously, an action of ΩX on a space Y defines an action of the Hopf algebra H * (ΩX) on the coalgebra H * (Y ). In particular the adjoint action of ΩX in itself defines the representation
of H * (ΩX) in itself, and it is immediate from the definition that this is the adjoint representation of H * (ΩX). With the fibration Ωξ is associated the standard homology Serre spectral sequence (E r , d r ), r ≥ 2. By ( [6] ; §5) this is a spectral sequence of bigraded Hopf algebras, in which the E ∞ -term is the bigraded Hopf algebra associated with the canonical filtration of H * (ΩX) and the E 2 -term is the Hopf algebra H * (ΩB) ⊗ H * (ΩF ). In particular the results of §7 apply verbatim.
The structure of H * (ΩX) itself is best understood in the context of the Hopf algebra morphisms:
We therefore introduce the notation:
Im(Ωj) = Im H * (Ωj);
Note that C(Ωπ) = H * (ΩB) ⊗ Im(Ωπ) F p is in general not a Hopf algebra, but only a coalgebra ( §1) and an H * (ΩB)-module. Finally for any path connected space Z we let P (Z) be the primitive subspace: 
Proof. (i) By Corollary 1.3 there is a subspace W ⊂ P odd (K(Ωπ)) that maps isomorphically to V under the surjection K(Ωπ) −→ ΛV of Proposition 3.3(iii). Let w i be a basis of W compatible with the filtration and define
(ii) The dual of the inclusion ΛV −→ H * (ΩX)/ / Im(Ωj) has a multiplicative splitting because (ΛV ) ∨ is an exterior algebra generated in odd degrees, and p > 2. Example 3.6. We give a simple example in which the θ i and c i are non-zero. All spaces are to be considered as localized at an odd prime p. Let S 3 3 denote the 3-connected cover of S 3 , so that we have the fibre sequence 
0,odd . As is evident from Corollary 6.9, the creation of basis elements of U r+1 in addition to those surviving from U r is at the cost of eliminating primitive basis elements of lower odd degree from W ⊗ ΛU r ⊗ Z. Hence
Use induction to replace r + 1 by ∞ and r by 2 in this inequality, and then use Corollary 1.3 to get P odd (E ∞ ) ∼ = P odd (ΩX). 
Recall from the introduction that cat(−) denotes the LS category of spaces and maps and that for a connected graded algebra
of Hopf algebras (Proposition 3.3). Again, because K(Ωj) is commutative and has finite depth, it is finitely generated [10] . Hence (Proposition 7.5) the Serre spectral sequence collapses at some finite r. This implies (Theorem 7.2(v)) that ΛV is a finite dimensional exterior algebra. In the Hochschild-Serre spectral sequence [9] corresponding to the Hopf algebra exact sequence Im(Ωj) → K(Ωj) → ΛV : Put G = H * (ΩX), K = K(Ωπ) and H = H * (ΩB). Because G is a free K-module we may identify
where g α represents a basis for G/ /K. On the other hand G/ /K = Im(Ωπ) and the
G-module H = H * (ΩB) is thus a direct sum of copies of Im(Ωπ). Hence
These two equations show that grade H * (ΩX) (H * (ΩB)) = depthK(Ωπ) . Combining (3.10), (3.11), (3.12) and (3.13) we achieve the second inequality of (i).
(ii) As in part (i) we may apply ( [14] 
Theorem 4.2. Suppose in the fibration (4.1) that the Hopf centre of H * (ΩF ) is generated as an algebra by k elements. Then
In particular, at most 2k of the differentials in the spectral sequence are non-zero and the spectral sequence collapses at some E r , r < ∞.
For the proof of the theorem we need to recall the standard (and easy) This, and the inequality (4.5) give (4.7), and the theorem.
Theorem 4.2 shows that the finite generation of K(Ωj) forces the collapse of the Serre spectral sequence of (4.1). We shall now see that in turn the collapse of the spectral sequence imposes, and is often equivalent to, finiteness restrictions on the other Hopf algebras (or coalgebras) in (3.2) .
To describe these conditions we introduce one more piece of notation: Λx will denote the exterior algebra on an element x, and F p (x) will denote a monogenic Hopf algebra; thus (x 1 , . . . , x t ) a commutative graded algebra generated by elements x 1 , . . . , x t and built inductively out of subalgebras F p (x 1 , . . . , x i ) by conditions of the form:
In the second case we require f = x
and p deg x i+1 is even. (ii) Conversely, if either K(Ωj) or C(Ωπ) ∨ are finitely generated then the Serre spectral sequence collapses at some E r , r < ∞. In this case there are isomorphisms of graded algebras:
and Remark. There are examples of non-multiplicative fibrations with spectral sequences collapsing at some E r , r ≥ 3, but admitting pull-backs whose spectral sequences never collapse. 
Proof of 4.9.
If H * (ΩF ) has finite depth then the collapse is asserted in Theorem 4.2. Conversely if the spectral sequence collapses the theorem asserts that K(Ωj) is finitely generated. It is also commutative (Proposition 3.3), and hence has finite depth [10] , [9] . Moreover ( [10] ; Proposition 3.1) gives depth H * (ΩF ) = depth K(Ωj) + depth Im(Ωj) . Now we may apply Theorem 3.9 to conclude that depth Im(Ωj) ≤ cat j. Since K(Ωπ)/ /Im(Ωj) is finite dimensional it follows (see [9] ) that depth K(Ωπ) = depth Im(Ωj). 
is exact for all n ≥ N such that either n is odd, or p is odd and n is not divisible by 2p.
Proof. This is immediate from the theorem and Corollary 1.3.
Proof of Theorem 4.7. Proposition 7.5 asserts that equivalence of collapse with either of the conditions: K(Ωj) (resp., (Ωπ) ∨ ) is a finitely generated algebra. Now suppose the spectral sequence collapses at E r , r < ∞. Since K(Ωj) is a finitely generated commutative Hopf algebra it is, as a graded algebra, the finite tensor product of monogenic Hopf algebras. Moreover, we have the finite sequence of inclusions 
There is a finite sequence It is related to a result of Lannes and Schwartz ( [21] ; Proposition 0.6), which asserts that the Steenrod algebra acts on H * (ΩX) with finite dimensional orbits.
Proof of Proposition 4.12.
Using the fact ( [27] ; Proposition 4.20) that a connected cocommutative graded Hopf algebra H is primitively generated if and only if the pth powers vanish in H ∨ , it is easy to see that conditions (i) and (ii) are equivalent. We prove (i).
Consider the cohomology Serre spectral sequence for the fibration ΩX −→ P X −→ X. Suppose p is odd. If α ∈ H 2m (ΩX) survives until the term E 0,2m q+1
qp+1 by a theorem of Araki [2] . But since
The case p = 2 is proved in the same way.
Next, we show how to deduce Theorem A of the introduction from Theorem 4.7. Indeed, (cf. §1) we have isomorphisms of graded vector spaces
Since K(Ωπ)/ /Im(Ωj) ∼ = ΛV these give the relation (4.16) which is the desired conclusion when i = r. Now both sides of (4.16) are obviously zero for i = 2. For the inductive step, note that
0, * ) and
∨ . Now Corollary 6.9 gives an explicit description of how U i+1 is constructed from U i , depending on the multiplicative structures in Z i and A i . From this it follows at once that
This, together with the trivial observation that χ(M ⊗ N ) = χ(M ) + χ(N ), gives the inductive step.
Examples and applications
We continue to work over 
where Γ is finitely generated. We shall show that: if H(B) is finite dimensional then the Serre spectral sequence for Ωξ collapses at some E r , r < ∞. Indeed a classical result of Serre [32] asserts that H * K(π, n + 1) is a finitely generated algebra over the Steenrod algebra, A. On the other hand, according to ([21] ; Proposition 0.6), A.α is finite dimensional for each α ∈ H + (ΩB). In particular, for some k, (A.α) p k = 0. It follows that Im H * (Ωρ) is finite dimensional. Moreover, according to ([30] ; Corollary 4.6) and [34] , Im Ωπ = K(Ωρ). Hence C(Ωπ) ∼ = Im(Ωρ) and so C(Ωπ) is finite dimensional. This implies collapse, by Theorem 4.10(ii).
YVES FÉLIX, STEPHEN HALPERIN, AND JEAN-CLAUDE THOMAS
Example 5.3. Tensor algebras, suspensions and Ganea's spaces. When the fibre F (whose loop space is the fibre of (5.1)) is a suspension a classical result of Bott and Samelson [5] asserts that H * (ΩF ) is a tensor algebra. Thus its Hopf centre is trivial and the Serre spectral sequence for (4.1) collapses at E 2 , so that
is a short exact sequence of Hopf algebras. One example of this phenomenon is the sequence of fibrations F n (B)
πn −→ B constructed by Ganea [17] in which E n+1 (B) is the cofibre of j n . These fibrations do not in general admit a cross-section, since by Ganea's theorem a crosssection to π n exists if and only if cat B ≤ n. On the other hand, Ganea identifies F n+1 (B) = F n (B) * ΩB. Thus the spaces F n (B) are suspensions and
Note that other spaces (e.g. Moore spaces, the spaces F n {p r }, etc.) also have tensor algebras for their loop space homology, and so when F is in this class the Serre spectral sequence for (5.1) also collapses at E 2 .
Example 5.4. Double loop spaces. Consider a loop space fibration of the form Finally, we consider elliptic spaces. A simply connected space T is p-elliptic [11] if the following three conditions hold:
• each H i (T ; Z (p) ) is a finitely generated Z (p) -module;
• for some positive integer r and some constant C dim H n (ΩF ) ≤ Cn r , n ≥ 1.
Here T (p) is the localization of T at p. The space T is elliptic if it is p-elliptic for each prime p and for p = 0. Recall further [11] that if T is p-elliptic, then H * (T ; F p ) is a finite dimensional Poincaré duality algebra. Proof. Since cat F < ∞ it follows that depth H(ΩF ) < ∞, the Hopf center of H(ΩF ) is finitely generated, and the Serre spectral sequence for Ωξ collapses at some E r , r < ∞. Now Theorem A of the introduction (see the end of §4) asserts that H(ΩX) grows polynomially if and only if both H(ΩF ) and H(ΩB) do.
Part II : Differential Hopf algebras
Bigraded differential Hopf algebras
In this section we work over a perfect field K of characteristic p > 0. In defining cocommutativity, graded derivations etc. in bigraded objects {G i,j } we use the signs associated with the corresponding total gradation G n = {G i,j } i+j=n . In particular a bigraded differential Hopf algebra is a bigraded Hopf algebra G equipped with a differential d (d 2 = 0) of bidegree (−r, r−1), some r, such that d is both a derivation (d(xy) = (dx)y + (−1) deg x xdy) and a coderivation. Our objective is to refine certain results of Browder in [6] . Thus we shall be interested in bigraded Hopf algebras G satisfying the following conditions:
• G is cocommutative.
• The sub Hopf algebras G * ,0 and G 0, * are normal.
of bigraded Hopf algebras. Its Hopf kernel G M will be called the mixed sub Hopf algebra of G, and a natural isomorphism of bigraded Hopf algebras, • G is assumed to satisfy (6.1).
• d has bidegree (−r, r − 1), some r ≥ 2. (ii) Let P ⊂ W be the subspace of primitive elements of degree > r. Then d maps P injectively into U * ,r−1 . But U i,r−1 = 0 for i ≥ r − 1 and so P is concentrated in degrees ≤ 2r − 2. On the other hand, W j = 0, j < r, and so elements in W of degrees ≤ 2r − 2 are automatically primitive; i.e., (iv) Next, we decompose A. Consider the commutative Hopf algebra W ∨ dual to W . It is generated by elements dual to the primitive subspace of W and hence (by (ii)) of degrees ≤ 2r − 2. Since W j = 0, j < r, elements of these degrees are automatically primitive. Thus W ∨ is the tensor product of the sub Hopf algebras generated respectively by the primitive elements of degree r and the primitive elements of degree i ∈ (r, 2r − 2]. Moreover, since W ∨ is primitively generated W is commutative and its pth powers vanish.
Dually, we have
where the sub Hopf algebras T and Y are uniquely determined by the condition: W r is the primitive subspace of T . As in (ii) it follows that
